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Satellite Formation Flying Design and Evolution

Chris Sabol,* Rich Burns,” and Craig A. McLaughlin*
U.S. Air Force Research Laboratory, Kirtland Air Force Base, New Mexico 87117-5776

Several satellite formation flying designs and their evolution through time are investigated. Satellite formation
flying designs are derived from the linearized equations of relative motion under two-body dynamics better known
as Hill’s equations (Hill, G. W., “Researches in the Lunar Theory,” American Journal of Mathematics, Vol. 1,No. 1,
1878, pp. 5-26). The formations are then propagated forward in time in the presence of realistic perturbations to
determine the stability of each design. Formations considered include in-plane, in-track, circular, and projected
circular designs. The Draper Semianalytic Satellite Theory is used to propagate mean elements of the satellites.
When perturbations disrupt the satellite formations, an effort is made to quantify the cost of formation-keeping
maneuvers. The goal of this effort is to provide physical insight into satellite formation flying design and outline

the effects of realistic dynamics on those designs.

Nomenclature

semimajor axis, km
acceleration in the direction of angular momentum
vector, m/s>
acceleration in the normal direction, m/s>
acceleration in the direction of velocity vector, m/s’
eccentricity
true anomaly, deg
angular momentum, m?/s
inclination, deg
geopotential coefficient representing Earth’s oblateness
mean anomaly, deg
mean motion, 1/s
semilatus rectum, km
= radius of circular or projected circular formation

(cluster radius), km
= time,s
magnitude of velocity, km/s
= radial difference between two objects in Hill’s
equations} km
along-track difference between two objects in Hill’s
equations? km
cross-track difference between two objects in Hill’s
equations? km
change in semimajor axis, km
mean anomaly separation, rad
time interval, s
change in velocity, m/s
nodal separation, deg
inclination difference in formation, deg
difference between nodal regression rates, rad/s
phase angle of satellite for circular or projected circular
formations, deg measured counterclockwise from
cross-track (z) direction in the plane of relative
motion, deg
= Earth’s gravitational constant, km?/s>
right ascension of the ascending node, deg
argument of perigee, deg
= rotationrate of Earth, deg/s
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Subscript

0 = initial value

Introduction

N recent years, there has been increasing interest in the use of

satellites flying in formation. Several missions and mission state-
ments have identified formation flying as a means of reducing cost
and adding flexibility to space-based programs. Mission planners
hope to reduce size and complexity of single large spacecraft mis-
sions in favor of flying several smaller, less complicated satellites.
Flying multiple satellites in formation offers flexibility to mission
designersbecause the individualsatellitescanrepositionthemselves
with respect to each other to perform different tasks. For instance, a
ground observing space-based sensor may choose to fly a formation
of satellites to increase aperture size rather than trying to construct
a very large satellite. The system adds flexibility because the for-
mation and, therefore, aperture size and orientation are adjustable
on orbit.

Formation flying clusters of satellites also provide for graceful
degradation of performance during times of satellite failure. If a
single large satellitehas a system failure, the entire missionis at risk.
If a single satellite in a cluster fails, the remaining satellites in the
cluster may continue to perform the mission at a lower performance
level. The cluster could then be brought back up to mission design
specifications with the addition of another inexpensive replacement
satellite or improved with the addition of an upgraded satellite.

Several missions are using or considering satellite formations to
accomplishgoals thatare not possible or are very difficult to accom-
plish with a single satellite. NASA’s New Millennium program has
identified the benefits of satellite formation flying and has included
an enhanced formation flying experiment in the Earth Observing-1
mission.!'? The ESA has developed an elaborate formation for its
Clustermissionto study the Earth’s magnetosphere.* The Orion pro-
gram is meant to be a low-cost demonstration of global positioning
system uses in formation flying.* The Laser Interferometer Space
Antenna (LISA) mission is a heliocentric formation flying mission
designedto detectgravity waves.’ The U.S. Air Force Research Lab-
oratory’s TechSat 21 programis a technology demonstration of the
virtual satellite concept.5” It is likely that there are other missions
considering formation flying.

In this study, the relative equations of motion of two satellites,
known as Hill’s equations? are used. Sedwick et al.? present Hill’s
equations® for use in formation flying and provide a simple analysis
of J,, drag, solar radiation pressure, and electromagnetic perturba-
tions. This study gives a more detailed examination of formation
design and the effects of perturbations. From the solutions to Hill’s
equations} several satellite formation flying designs are described.
Next, test cases for each of the formation designs are propagated
in the presence of realistic perturbations. The Draper Semianalytic
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Satellite Theory (DSST) is used to propagate the averaged equa-
tions of motion in the presence of a gravity field of degree and order
21, luni-solar third-body point-mass effects, atmospheric drag, and
solarradiationpressure. By the comparisonof the trajectories,an ef-
fortis made to identify the perturbationsthat disrupt the formations
and to provide insight into the maneuvers required for correcting
these effects.

An overview of the effects of differential orbital elements on for-
mation behavior will help provide insight into formation design.
Orbits with different semimajor axes will have different periods.
Different periods cause the formation to disperse rapidly. There-
fore, it is required that the mean semimajor axis be the same for
all satellitesin a formation. Differences in inclination cause the for-
mation to have out-of-plane separation at higher latitudes, but not
at the equator. Inclination differences also cause the satellites to
have different nodal precessionrates caused by J,. The differences
in nodal precession rates cause the orbital planes to separate and
the formation separation to grow. Satellites with differences in the
right ascension of the ascending node will have maximum separa-
tion over the equator and less at higher latitudes. If the orbits are in
the same plane, differences in mean anomaly will give along-track
separation. Finally, for orbits with some eccentricity, differencesin
argument of perigee will give relative motion in the radial direction.

Formation Designs

Satellite formation flying designs can be derived from the lin-
earized equations of relative motion for two objects under the in-
fluence of a point-mass gravitational field. These equations are
commonly known as Hill’s equations® Vallado'® provides a de-
tailed derivation of Hill’s equations® that take the following form
for unperturbed motion:

¥—2ny —3n*x =0 (1)
§4+2mi=0 2)
i4+n’z=0 (3)

where the mean motion is that of the reference object.

Two major assumptions are inherent in Hill’s equations®: 1) the
reference object is in a circular orbit and 2) the distance between
the objects is small in comparison to their orbital radii to support
simplifications. Lawden!! was the first to develop equations of rela-
tive motion includingeccentricity. Later developments for eccentric
orbits are summarized by Inalhan and How.!? Spencer'? includes
first-order eccentricity effects of the reference orbit in the equations
of relative motion.

Note that Hill’s equations® have traditionally been used for ren-
dezvous analysis, which is usually concerned with relatively short
time spans. The mission planning arena, however, concerns the en-
tire mission lifetime, but it is not clear that the simplifications made
in the derivation of Hill’s equations will remain valid over such an
extended time period. Hence, Hill’s equations are used as a pre-
liminary design tool, complemented with numerical simulation of
the fully nonlinear dynamics with realistic force modeling. Future
designs may benefit from a careful analysis of the fully nonlinear
equations of relative motion.

The unperturbed version of Hill’s equations® can be solved
analytically. The solution is

x(t) = (%y/n)sinnt — 3xg + 2yy/n) cosnt +4xy + 2y,/n  (4)
y(t) = (2xy/n) cosnt + (6xy + 4y, /n) sinnt
— (6nxy + 3y0)t — 2Xo/n + Yo 5)

z(t) = (2o/n) sinnt + zo cosnt 6)

Note the secular term in the second equation. To avoid secular
growthin the relative motion, we set the secularterm to zero through
the constraint

Yo = —2xon (7)

Throughalgebraicmanipulations,it can be shown that this constraint
results in a displaced orbit with the same energy, and thus the same

semimajor axis, as the reference orbit neglecting higher-orderterms
in eccentricity. When the constraint is enforced, Hill’s equations
become

x(t) = (%y/n) sinnt + x, cos nt ®)
y(t) = (2%y/n) cosnt — 2xy sinnt — 2xy/n + y, 9)
z(t) = (zo/n) sinnt + z cosnt (10)

These equations provide the basis for formation flying design.

In the preceding equations, it can be seen that the radial, x,
and along-track, y, components of motion are uncoupled from the
cross-track, z, component of the relative motion. Note that in the
nonlinear equations, the out-of-plane motion z is weakly coupled
with the radial/along-track plane motion. Vallado'® shows that the
radial/along-track motion can be described by

x2/C?+y?/ac? =1 (11)
where
C = +/x} + (xp/n)? (12)

when the y, constraint is applied. This equation is an ellipse of
fixed eccentricity (e = 4/3/2 = 0.866) with an arbitrary along-track
offset. Thus, the motion in the radial/along-track plane will always
be an ellipse with the major axis in the along-track direction that
is twice the minor axis in the radial direction. All unperturbed for-
mation flying designs must project this elliptical motion into the
radial/along-track plane.

In the linearized model, the cross-track, z, component of the rel-
ative motion is a simple harmonic oscillator. Combining the ellip-
tical motion in the radial/along-track direction with the oscillatory
motion in the cross-track direction yields a family of ellipses that
describe all formation flying designs using two-body dynamics.

Six initial conditions must be specified in the solutions to Hill’s
equations® These initial conditionscan be thoughtof as Cartesian or
Keplerian element differences between the two satellites and allow
for six constraints or design parameters to be placed on the for-
mation. One constraint was specified when the secular terms were
removed from the solutions to Hill’s equations. This constraint can
be thought of as requiring the semimajor axis of the two satellites
to be equal. Another constraint, yy, is the offset of the elliptical mo-
tion in the radial/along-track plane. Now, four design parameters
are left that describe the size, eccentricity, orientation, and initial
location in the ellipse of relative motion. These constraints can also
be thoughtof as the size of the ellipse in the radial/along-trackplane,
the initial location within thatellipse, the amplitude of the oscillation
in the cross-track plane, and the initial location in the cross-track
oscillation.

In this analysis, four formation flying designs are considered.
They are in-plane, in-track, circular, and projected circular. Each of
these formations is described as follows.

In-Plane Formation

The in-plane formation is the simplest of all cluster designs. The
formationconsists of a group of satellites occupying the same orbital
plane and separated by mean anomaly. In Hill’s equations? this
formation is represented by setting all initial conditions, except for
Yo, to zero. The solutions to Hill’s equations are then

x(t) =0 (13)
() = yo (14)
2 =0 (15)

where y, represents the amount of in-plane spacing between two
satellites. This can be related to the mean anomaly separation by

AM = yy/a (16)

Again, this formulation based on Hill’s equations assumes that the
orbits are circular. The primary advantage of the in-plane formation
is its simplicity in design, deployment, and control.
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Fig. 1 In-track formation.

In-Track Formation

The in-track clusterdesignis a slight variationon the in-plane for-
mation. Here the satellitesall share the same ground track. Vallado!°
gives more details on ground tracks. To share the same ground track,
the satellites have to occupy slightly different orbital planes sepa-
rated by right ascension of the ascending node, which accounts for
the rotation of the Earth.

In Hill’s equations} this formation is very similar to the in-plane
formation except that a cross-track oscillation represents the dif-
ference in right ascension of the ascending node. The solutions to
Hill’s equations are then

x(t) =0 (17)
y(@®) = yo (18)
z2(t) = —(w./n)y, sini cos nt (19)

To find the relationship between y, and z,, consider the reference
satellite at the ascendingnode over some point (call it point A) on the
Earth’s equator. In Fig. 1a, the lead satelliteis over point A at time ?,
The trailing satellite is behind the lead by some difference in mean
anomaly; relate this difference in mean anomaly to a difference in
time. Then calculate the nodal difference A2 such that the second
satelliteis over point A at time (¢ + At) as in Fig. 1b. The equations
take the following form:

AM = yy/a (20)

At = —(AM/n) = —(yo/an) 1)

AQ = w,At = —(w,yo/an) = zo/asini (22)
20 = —(w./n)yosini (23)

Again, this formulation based on Hill’s equations assumes that the
orbits are circular and the satellites are close. The attractiveness of
the in-track formation is that each satellite in the formation passes
over the same exact spots on the ground, which is valuable for Earth
sensing missions.

Circular Formation

As the name implies, the circular formation is one in which satel-
lites maintain a constant distance from each other. The formation
can be derived from Hill’s equations® analytically or geometrically.
The analyticapproachtakes the solutionsto Hill’s equationsand de-
terminesrelationsbetween the initial conditions given the constraint

Xy =r 24)

where r is the radius of the formation. The geometric approachtakes
advantage of the fact that the relative motion in the radial/along-
track planes (x/y) is fixed in eccentricity. From either approach,
the following relations are found by substituting the constraintsinto
Hill’s equations:

Yo = —2nxg (25)

Yo = 2%o/n (26)

20 = /3, 27
20 = /3% (28)

where the first two conditions (25) and (26) set the along-track drift
and offset to zero. The sign in Eqs. (27) and (28) must be the same
for a given case. These constraints show that there are two planes in
which the circular formation is possible. Both planes intersect the
cross-track/along-track plane along the along-track axis but one is
inclined 30 deg to that plane and the other is inclined at —30 deg.

If the 30-deg case is chosen, the following solutions to Hill’s
equations® are found:

x(t) = (%p/n) sinnt + x, cos nt (29)
y(t) = (2%y/n) cosnt — 2x, sinnt (30)
Z(t) = «/E(xo/n) sinnt + +/3x, cos nt (31)

Note that the formation design has two free parameters: x, and
Xo. These free parameters specify the radius and phasing of one
satellite in its circular path about the reference satellite. The four
otherinitial conditions were constrained for eliminating along-track
drift, eliminating the along-track offset, and setting the eccentricity
and orientation of the ellipse of relative motion.

If the initial conditions of the solutions to Hill’s equations® pre-
sented in Eqgs. (25-28) are formulated in terms of the cluster radius
and phasing, the following equations arise:

Xg = (r/2)cosf (32)

%) = —(rn/2) sin® (33)

From Egs. (29-33), given a circular reference orbit and desired
clusterradius and phasing,one could convertthe reference elements
from Keplerian to Cartesian, after coordinate transformations add
the Cartesian differencesto get the position and velocity vectors of
the satellites in the circular cluster, and then convert the Cartesian
elements back to Keplerian for all satellites in the cluster. This for-
mation design approach was taken here. Note that the conversion
from Cartesian to Keplerian will expose small errors in the semima-
jor axis on the order of e. The semimajor axes of the satellites are
corrected to the same value so the two-body periods match.

The Keplerian element differences for a circular formation are
highly dependent on the phasing and initial conditions of the ref-
erence orbit. For two arbitrary points in the cluster, there will be
differences in inclination, right ascension of the ascending node,
argument of perigee, and mean anomaly. Generally, satellites in
the cluster will have the same eccentricity except the case where the
reference orbit is not circular. There are conditions,however, where
two satellites in the cluster can have the same inclination or right
ascension of the ascending node.

To provide physical insight into the circular formation design in
terms of Keplerian mechanics, consider a circular reference orbit
inclined at 90 deg with a satellite at the equator (ascending node).
Consider another satellite in a slightly elliptical orbit also on the
equator and separated from the reference orbit by a small amount
of ascending node. The second satellite is at apogee and, therefore,
will fall behind the reference satellite as they both proceed toward
the north pole. Because both orbits are polar, the satellite’s paths
will cross at the poles, but the reference satellite reaches the pole
first. On the other side of the north pole, the second satellite is lower
in altitude than the reference satellite and begins to catch up. Both
satellites reach their descending nodes at the same time, and the
second satellite is now at perigee. The second satellite continues to
advance ahead of the reference satellite and reaches the south pole
first, where the paths cross once again. On the other side of the south
pole, the reference satellite begins to catch up as the second satellite
increasesin altitude toward its apogee at the ascending node.

The circular formation has two properties that make it attractive:
1) the satellites maintain a constant distance from each other and
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2) unlike the in-plane and in-track formations, the circular cluster
presents a two-dimensional array.

Projected Circular Formation

The projected circular formationis very close in design to the cir-
cular formation. The differenceis that the projected circular cluster
only maintains a fixed distance in the along-track/fross-track (y/z)
plane. Another way to describe the projected circular formation is
to say that when the ellipse of relative motion is projected on to the
along-track/cross-track plane, it produces a circle. The constraint

y 4+ =r (34)

is the result.
Like the circular cluster, the constraintcan be applied to the initial
conditions to the solutions of Hill’s equations® to produce

Yo = —2nx, (35)
Yo = 2Xy/n (36)
zo = £2x, 37
Zo = £2x% (38)

where the first two conditions set the along-track drift and offset
to zero. The signs on Egs. (37) and (38) must be the same. There
are two planes in which the projected circular formationis possible.
Both intersect the cross-track/along-track plane along the along-
track axis, but one is inclined 26.565 deg to that plane and the other
is inclined at —26.565 deg.

If the 26.565-deg case is chosen, the following solutions to Hill’s
equations® are found:

x(t) = (Xo/n) sinnt + x, cosnt (39)
y(t) = (2X¢/n) cosnt — 2x, sinnt (40)
z(t) = (2%y/n) sinnt 4 2x, cos nt (41

The formation design has two free parameters that represent the
radius and phasing of projected circular path.

If the initial conditions of the solutions to Hill’s equations® pre-
sented in Egs. (35-38) are formulated in terms of the cluster radius
and phasing, the following arises:

X0 = (r/2) cos® (42)
%o = —(rn/2) sinf 43)

Like the circular formation design, the Keplerian element differ-
ences appear in inclination, right ascension of the ascending node,
argument of perigee, and mean anomaly. The variations are depen-
dent on the reference orbit and the phasing.

The primary advantage of the projected circular cluster over the
circular clusteris that the satellites are separated by a fixed distance
when the formation is projected onto the along-track/cross-track
plane. This characteristic has applications for ground observing
missions.

Propagations

Test cases of the formation designs were propagated for 1 yearin
the presence of realistic dynamics. The DSST Averaged Orbit Gen-
erator (AOG) was used to propagate mean elements for each of the
test cases. DSST was chosen for its rigorous modeling of the aver-
aged equationsof motion. This allows for fast, efficient,and accurate
orbit propagation over long periods using step sizes on the order of
1 day. McClain,'* Danielson,"” Feiger,'® Sabol et al.,'” and Fonte'®
provide more information on the formulation and accuracy of the
DSST. The DSST runs were executed with the Draper Research
and Development version of the Goddard Trajectory Determination
System (DGTDS).!®

The perturbations modeled in the propagationsinclude a geopo-
tential to degree and order 21, atmospheric drag effects, luni-solar

third-body point-mass effects, and solar radiation pressure. Table 1
lists the specifics of the ephemeris generations.

The Jacchia-Roberts atmospheric density model is dependenton
daily F10.7 cm solar flux and 3 hourly values of the k, geomag-
netic indices. Schatten et al.'” and Sofia and Schatten® developed
a method to predict smoothed estimates of these parameters over
the solar cycle. The solar flux and geomagnetic indices used in this
analysisare the hotor maximum value predictionsfrom 1994.1t was
felt that the hot atmosphere prediction would providea conservative
estimate of drag effects. Identical area-to-massratios of 0.01 m?/kg
were used for each spacecraft in drag and solar radiation pressure
calculations.

For each of the formation flying designs, two orbits were propa-
gated: one representing the reference satellite and the second rep-
resenting another satellite in the formation. The trajectories were
then compared over the year-long arc to determine the stability of
the formations in the presence of perturbations.

Note that the elements resulting from the formation designs and
inputinto the DGTDS DSST propagatorare assumed to be averaged
elements. If the two-body-based Keplerian elements are assumed to
be osculating in the presence of perturbations, the mean semimajor
axes will not match, and the formation design specifications will not
hold.

Results

In this section, the results of the formation flying designs and
propagationsare presented. All cases are polar, near 800 km in alti-
tude with a satellite spacing of approximately 1 km. All satellitesin
a givenformationhave the same mean semimajor axis. Satellite 1 al-
wayshase = 107%,i =90 deg,and w =M =0. Satellite ] has2=0
for all except the in-plane formation. For the in-plane formation,
2 =10 deg to avoid coupling effects that may be an artifact of the
integration process and not real effects. Table 2 gives the elements
for satellite 2 in the in-plane and in-track formations. The elements
for the other satellitesin the circular formation are given in Table 3.

Table1 DSST propagationdescription

Characteristic Setting

Start time 15 Sept. 1998,0 h, 0 min, 0 s

End time 15 Sept. 1999,0 h, 0 min, 0 s

Integrator 12th-order summed Cowell/Adams
predict partial correct

Step size 12h

Geopotential 21 x 21 IJGM2

Atmospheric drag Jacchia-Roberts, Cp =2.0
Hot Schatten solar flux, k, prediction
Solar/lunar point masses based on Jet
Propulsion Laboratory ephemerides

Cylindrical shadow model, C, = 1.2

Third body

Solar radiation pressure

Table 2 Initial mean orbital elements of satellite 2
for in-plane and in-track formations

Orbital In plane, In plane, In track, In track,
element 100:7 14:1 100:7 14:1

a, km 7155.422 7252.636 7155.422 7252.636
e 1076 1076 1076 1076

i, deg 90 90 90 90

Q, deg 10 10 0.00057 0.00057
w, deg 0 0 0 0

M, deg 0.008007 0.008007 —0.008007 —0.008007

Table 3 Initial mean orbital elements
for the circular formation

Orbital element Satellite 2 Satellite 3

a, km 7178.1363km 7178.1363km
e 6.965597 x 107 6.965463 x 107>
i, deg 90.0069126 90

Q, deg 0.00000121 0.00691308
o, deg 270.0248415 0

M, deg 89.9751584 0
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Fig. 2 Along-track separation for the in-plane formation.

In-Plane Formation

Two cases were considered for the in-plane formation. The
first corresponded to a 100-revolution-per-seven-mdal-day repeat
ground-trackcycle, and the second incorporated a 14 revolution per
nodal day repeat ground track cycle. Consult Vallado'® for informa-
tion on ground tracks and tesseral resonance. Table 2 presents the
averaged DSST Keplerian elements for the 100:7 and 14:1 in-plane
formation designs.

The year-long ephemeris comparison results for the shallow
(100:7) repeat ground-track case showed the in-plane formation to
be relatively stable in the presence of perturbations. The difference
from the nominal separation was on the order of meters, which is
negligible for most applications. This is shown in Fig. 2.

For the daily repeat ground track (14:1) case, tesseral resonance
had a much greater effect. The deep tesseral resonance of the 14:1
case pushed the two satellites toward each other. Figure 2 shows
the along-track separation for the two satellites. Figure 2 shows the
initial 1-km separation gradually drop as tesseral resonance moves
the satellites closer together. Figure 2 also shows the drift reverses
ataround 300 days. Over time, the satellites should oscillate back to
their original positions. In terms of Keplerian elements, the tesseral
resonance induces very long-period changes in the semimajor axis
and mean anomaly (as well as other elements that do not appear to
affect the formation greatly); the relative semimajor axis changes
are on the centimeter level. Simulations made without the tesserals
confirm that the resonance was the cause of the drift.

In-Track Formation

Like the in-plane formation, two cases were considered for the
in-track formation. The first correspondedto a 100-revolution-per-
seven-nodal-day repeat ground-track cycle and the second incor-
porated a 14 revolution per nodal day repeat ground-track cycle.
Table 2 presents the averaged DSST Keplerian elements for the
100:7 and 14:1 in-track formation designs.

Becausethe satellites share the same ground track, they encounter
the same gravitationaleffects. The year-long ephemeris comparison
for both cases showed no differences due to the effects of tesseral
resonance, which is expected due to the nature of the formation de-
sign. However, because the satellites are in slightly different orbital
planes, atmospheric drag caused a slight along-track drift between
the two satellites. This was confirmed by running a case with the
drag perturbation turned off. Figure 3 shows the along-track drift
between the two satellites for both repeat ground-track cases.

Figure 3 shows the along-track drift for the deep resonance case
to be on the order of 50 m by the end of the year. The along-
track error growth was closer to 70 m for the lower altitude shallow
resonancecase. In terms of Keplerianelements, the along-trackdrift
can be traced to a subcentimeter difference in semimajor axis. Note
once again that a high-density atmosphere is being used in the drag
predictions. Even with the high-density atmosphere, the formation
keepingerrors could still be considered small over the course of the
year.

Circular Formation
Three satellite trajectories were generated for the circular cluster.
Satellite 1 represents the center of the circular formation and the
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Fig. 3 Along-track separation for the in-track formation.
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Fig. 4a Separation between satellite 1 and satellite 2.
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Fig. 4b Separation between satellite 1 and satellite 3.

reference satellite. Satellite 2 is on the circle with an initial phas-
ing of 270 deg, and satellite 3 is on the circle with an initial phasing
of 180 deg. The formation was designed with the initial conditions
of the reference satellite at the equator on the ascending node. This
design puts satellite 2 directly ahead of satellite 1 in the along-track
direction and satellite 3 to the right of satellite 1 in the negative
cross-track direction at epoch. Table 3 presents the averaged DSST
Keplerian elements for the circular formation design. These ele-
ments were chosen to place the cluster at an altitude of 800 km.
Propagations in the presence of perturbations show the circular
formation to be unstable. The primary factor disrupting the forma-
tiondesignis the Earth’s oblatenessor J, effect. The J, contributions
to the relative motion are at least an order of magnitude larger than
the other disturbing accelerations including tesseral resonance (for
short repeat ground-track cases), atmospheric drag, solar radiation
pressure, and third-body gravitational effects. Earth oblateness ef-
fects are most prevalentin the secular motion of the right ascension
of the ascending node, argument of perigee, and mean anomaly.
Figure 4a shows the position separation between satellites 1 and
2 over four days. Figure 4a shows the separation varies by about
£250 m from the nominal of 1 km. This error growth is mostly in
the cross-trackdirection. Examination of the Keplerian elementhis-
tories revealed that this cross-track error growth can be attributed
to the difference in precession rates of the right ascension of the
ascending node. Because the two orbital planes have slightly dif-
ferent inclinations, the secular J, effect causes the right ascension
of the ascending node for each orbit to precess at slightly differ-
ent rates. Differential nodal precession results in the orbital planes
drifting apart and a cross-track error growth. The following nodal
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regression analysis is similar to that by Alfriend et al.?! Assuming
the growth is in the cross-track direction, the equations are

x = Lsinnt (44)
y = cosnt (45)
z= («/5/2) sinnt — adQf cosnt (46)

Solving for the radius of the formation gives

r= \/1 — 3a8Q1 sinnt cosnt + (a821)? cos? nt 47)

where 8 is the differential nodal regression rate between the satel-
lites. Over four days, the maximum growth in the separation using
these equations is 195 m compared to 256 m from DSST using
higher-order perturbations.

An additional contribution to the error growth is caused by the
rotation of the line of apsides of the orbits. For the polar orbit con-
figuration, the J, effect is nearly equal and opposite on the mean
anomaly and the argument of perigee. This effect makes little dif-
ference for the circular orbit of satellite 1, but for satellite 2 the
orbit line of apsides begins to rotate and disrupt the formation de-
sign. For this configuration, the line of apsides is rotated greater
than 3 deg per day by the J, effect. The effect can not be discerned
by simply noting the differential rotation angle. Instead, the total
separation growth is caused by a phase change in the x, y, and z
components. The reason for this is that the radial/along-track mo-
tion is phased relative to the perigee, but the cross-track motion is
phasedrelative to the nodal crossing. For a polar orbit, J, causes the
mean anomaly to increase faster than the two-body mean motion.
The phasing in the radial/along-track plane is, therefore, changed.
In the cross-track plane, the phasing is relative to the node and so
it is affected by J, effects on both argument of perigee and mean
anomaly. Taking Eqs. (44-46) and adding these effects gives

sin(nt — Mt) (48)
y = cos(nt — Mt) (49)
z=(v/3/2) sin(nt — M1 +@t) — asSt cos(nt — Mt +at)  (50)

where M and & are the secular mean anomaly rate and the secular
argument of perigee rate of satellite 1 caused by J,. These equa-
tions give a maximum growth in separation of 246 m after four
days. Compare this with 256 m from DSST using higher-order per-
turbations. In addition, these equations accurately track the motion
in each component.

Figure 4b shows the position separation between satellites 1 and
3 over four days. Here, the separation varies from the nominal 1 km
by about £110 m. Again, the dominant disturbing force is Earth
oblateness, and the error growth is caused by the rotation of the
line of apsides for the orbits. Because satellites 1 and 3 share the
same inclination, the large cross-track error growth is not present.
In fact, there is no discernible growth in the radial, cross-track, or
along-track separation. The growth in the total separationis caused
by phasing differencesin the three components as discussed earlier.
Here the equations to describe the motion are

x = —% cos(nt — Mrt) (€20)
y = sin(nt — Mt) (52)
2= —(V3/2) cos(nt — M1 + r) (53)

These equations give a maximum growth in separation of 86 m
after four days compared to 113 m from DSST. The motion of
each component is also accurately reproduced by these equations.
A further observation is that the w term will be zero at the critical
inclination and all of the components will be in phase. Therefore,
there will be much less growth in the total separation at critical
inclination.

In additionto the Earth oblatenesseffects,atmosphericdrag, solar
radiation pressure, and tesseral resonance (for short repeat ground-
track cycles) disruptthe circular formation in much the same way as

they disrupt the in-plane and in-track formations. In fact, the effects
of these perturbations are greater on the circular formation because
the differencesin the satellite orbital planes are larger for the circular
formation design than the two earlier cases.

Projected Circular Formation

No additional propagationswere performed to analyze the effects
of perturbationson the projected circular formation. Instead, the in-
sight and understandingpresentedin the circular formation analysis
is referenced.

Because the projected circular formation shares many of the same
designcharacteristicsas the circular formationin terms of Keplerian
element differences between the reference satellite and other satel-
lites in the formations, the effects of perturbations on the projected
circular formation will be the same as the effects on the circular
formation. The projected circular design requires similar levels of
eccentricity, inclination, right ascension of the ascending node, ar-
gument of perigee, and mean anomaly differences as the circular
formation designs. Thus, the J, effects that are dominant in the
disruption of the circular formation are equally disruptive to the
projected circular formation.

Formation and Station Keeping

The results of the propagationsindicated that maneuvers are nec-
essary to maintain a satellite formation flying designin the presence
of perturbations. In this section, the results of the orbit propaga-
tions are put into the context of formation and station keeping. An
attempt is made to quantify the total formation and station keeping
maneuver requirements for the test cases.

Formation Keeping

Perturbations affect the formation designs differently. The in-
plane design appeared to be relatively stable in the presence of
perturbations with the exception of deep tesseral resonance for
short repeat ground-track cycle orbits. The in-track design faced
only small atmospheric drag effects. The circular and projected cir-
cular formations were unstable. The circular formation separation
grew by 25% over four days. Therefore, formation keeping maneu-
vers are required to account for Earth oblateness, atmosphericdrag,
and tesseral resonance (for short repeat ground-track cycle orbits)
effects.

Both atmospheric drag and tesseral resonance affect the forma-
tions in the along-track direction. The along-track error growth in-
ducedby these perturbationscan be controlled via small adjustments
in the semimajor axis of the satellites. Based on the results of the
propagations, these semimajor axis adjustments are subcentimeter
for drag effects and on the centimeter level for deep tesseral reso-
nance. From Gauss’s variationof parametersequationsfor Keplerian
elements in the normal-tangential plane, the change in semimajor
axis due to a disturbing acceleration is??

a = (2a°v/way (54)

If a velocity impulse is assumed, Eq. (54) can be rearranged to
determine the velocity impulse required to produce a desired change
in semimajor axis:

Av, = (1/2a*v)Aa (55)

where the changes in velocity Av and semimajor axis Aa are as-
sumed small compared to the nominal values. From Eq. (55), it
can be shown that, to change the semimajor axis by 1 cm, a ve-
locity impulse of 0.00052 cm/s is required for an 800-km altitude
near-circularorbit. Thus, the Av, and, therefore, propellantrequire-
ments, to account for the differential drag and tesseral resonance
effects will be quite small. The frequency of the maneuvers will
depend on the extent of the drag and resonance effects, formation
keeping error bounds, and several control related issues, such as the
accuracy with which these maneuvers are performed.

The effects of J, were seen in the cross-track direction with indi-
rect along-track contributions. In terms of Keplerian elements, the
J> secular effects on right ascension of the ascending node, argu-
ment of perigee, and mean anomaly are of concern. From Battin,??
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the change in right ascension of the ascending node due to an out-
of-plane (cross-track) acceleration is

Q = Madh (56)
hsini

If a velocity impulse is assumed, Eq. (56) can be rearranged to
determine the velocity impulse required to produce a desired change
in right ascension of the ascending node:

A hsini AG (57)
vy, = ——
" v sin(w + )

where the changes are assumed small. The differential oblateness
effects on right ascension of the ascending node can be derived
analyticallyby takingthe partialderivativeof the governingequation
with respect to the inclination:

2
. R,
Q= —312 (—L> ncosi (58)
2 p
02 3 (RY
§Q = —368i ==J, == ) nsinisi 59)
ai 2 p

where the relationship between © and J, is taken from Vallado.!?
When Egs. (57) and (59) are combined, it is seen that the amount

of velocity impulse required to maintain nodal spacing is propor-

tional to the size of the formation and the length of the mission:

AQ = §QAL (60)
. 2
hsini 3J R, nidiAs ©1)
= — ) nsinidi
v rsin(w + f) 2 2 p st

If the near-circular assumption is made, Eq. (61) simplifies to

A WSii 3 pasiag (62)
vy = ——————= i
" asin(w+ f) 2700

The total Av requirement is approximately 38 m/s/km of separa-
tion per year for a 800-km altitude polar formation. Note that the
maneuvers must be performed at £90 deg from nodal crossings to
avoid disturbing the inclination.

The seconddisruptiveinfluence of the Earth’s oblatenesson satel-
lite formationflyingis the rotation of the orbitline of apsides. For po-
lar, near-circularorbits, the effects of J, on the argument of perigee
and mean anomaly are nearly equal and opposite':

@ =3J,(R,/p)*n(4 — Ssin’ i) (63)
My = 2L (R./p)*vVT—en(3sin’i —2) (64)

The effects of accelerationsin the normal direction are also nearly
equal and opposite on these elements for near circular orbits®*:

dw 1 r
—_ = (26 + —cos f)ad,, (65)
dt ev a
dM —b
= - —(5 cos f) dan (66)
dr eav \ a

In Eq. (65), only accelerations in the normal direction (mutually
perpendicularto / and v and pointed toward Earth) are considered
because impulses in the tangential (velocity) direction would affect
semimajor axis and maneuvers in the cross-track direction do not
affect the mean anomaly.

Because the effects of these maneuvers are nearly equal and op-
posite on the mean anomaly and argument of perigee, the formation
keeping analysis can be focused on maintaining either one of the
elements with maneuvers in the normal direction. This scheme as-

sumes that the other element will be maintained by those maneuvers
as well. In this analysis, maintenance of the argument of perigee is
studied.

If impulsive maneuvers are assumed, Eq. (65) can be rewritten in
terms of the amount of velocity impulse required for a given change
in argument of perigee:

Av, = (ev/cos f)Aw (67)

where the eccentricityis consideredto be small. The requiredchange
inargumentof perigee for a polar orbit can be derived from Eq. (63):

Aw = oAt = —i L (R,/p)*nAt (63)
Av, = (ev/cos f)2)2(R./p)*nAt (69)

where the amount of Av required is again a function of the length
of the mission. For an 800-km altitude polar formation, the total Av
requirement is approximately 10.9 m/s per year. Note that the ma-
neuvers must be performed at apogee or perigee to avoid disturbing
the eccentricity.

The effects of Earth’s oblateness on satellite formation flying de-
signs like the circular and projected circular clusters will require
substantial formation keeping maneuvers. There are two compo-
nents of motion that must be accounted for: 1) differential changes
in the right ascension of the ascending node and 2) secular changes
in the argument of perigee and mean anomaly. The cost to maintain
relative node spacing is dependenton the size of the formation. For
a circular cluster of 1 km radius, the cost is approximately 38 m/s
per year of velocity impulse. The cost to maintain the argument of
perigee is not a function of the cluster size and is roughly 11 m/s
per year for the circular cluster. If the maneuverscannotbe coupled,
a cluster like the circular formation test case cited earlier could re-
quire close to 50 m/s per year of velocity impulse. Based on the orbit
propagations and an assumed 10% error bound on the formation,
maneuvers would be required every 30 or so hours. Other perturbing
effects may also require maneuvers, but at far less frequency and
cost than the oblateness-inducedmaneuvers. Also note that maneu-
vers may be required in all directions and that each satellite in the
formation must be able to thrust in the along-track, cross-track,and
radial directions.

The amount of formation keeping maneuvers will also vary from
satellite to satellite within the formation. The preceding analysis
looked at one of the worst cases. Other satellites within the same
formation may require far less formation keeping. This difference
in maneuver cost will result in satellites having different masses.
Different masses will then map into differential drag and solar radi-
ation pressure errors that must be accounted for. However, the cost
of these maneuversis far less than the cost of the oblateness-induced
maneuvers and should not significantly impact the overall cost. The
greatestimpact is that more frequent along-track maneuvers would
be required.

Station Keeping

The primary station keeping concerns for all of the formation
flying designs is atmospheric drag. For an 800-km altitude satellite,
atmospheric drag could decay the orbit’s semimajor axis by close
to 3 km in one year. Of course, the effects of drag are dependent
on the satellite altitude, area-to-mass ratio, drag coefficient, and the
atmospheric density, which is a function of the solar cycle. A high-
density atmosphere near the peak of the solar cycle was used in this
analysis and so the drag estimates are conservative.

Figure 5 shows the semimajor axis decay for the satellite 1 ref-
erence orbit of the circular formation design test case. The decay is
almost linear but has some variation due to the orbital orientationto
the sun and the time of year. Station keeping a 3-km per year decay
in semimajor axis would require approximately 1.5 m/s of velocity
impulse. Other perturbations also affect the orbits, but none have
substantial secular or long period effects that need to be corrected
unless stringent station keeping requirements are made. Table 4
summarizes the formation keeping and station keeping results.



SABOL, BURNS, AND McLAUGHLIN 277

Table4 Formation keeping and station keeping
requirements for circular formation

Maneuver Av, m/s/yr
Nodal spacing (formation keeping) 38
Perigee maintenance (formation keeping) 10.9
Drag make-up (station keeping) 1.5
Total 50.4
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Fig. 5 Semimajor axis decay for an 800-km circular formation.

Conclusions

In this study, four basic satellite formation flying designs were
described. Mathematical developments and physical descriptions
were given for in-plane, in-track, circular, and projected circular
formations. Test cases at roughly 800-km altitude and polar incli-
nation were derived for these formations and were propagated in
the presence of realistic dynamics. The propagations showed that
perturbationsaffecteach formationdifferentlyand can be disruptive
to the formation design.

The in-plane formation design appeared to be stable in the pres-
ence of perturbationsand requires no formation keeping maneuvers.
An exceptionfor thiscase is when the formation designincorporates
short-cycle repeat ground-track orbits. Longer repeat ground-track
cycles such as the seven day repeat examined here do not signif-
icantly affect the formation design. If short-cycle repeat ground
tracks are used, deep tesseral resonance requires infrequent, low-
cost maneuvers be made in the along-track direction. These maneu-
vers cost on the order of 0.001 cm/s of velocity impulse per year for
a one day repeat cycle.

The in-track formation design is relatively stable but requires
small, infrequent,along-trackmaneuversto account for atmospheric
drag effects. Several factors affect the magnitude of the drag effects,
but the maneuver cost will be on the order of 0.0001 cm/s per year
for formations spacedcloserthan 1 km. As the spacingincreases, the
differential drag effects and, therefore, maneuvercost also increase.

The circular and projected circular formations are unstable due
to Earth oblateness effects. Earth oblatenessdisrupts the formations
in two ways: 1) through differential precession of the orbital planes
and 2) through rotation of the orbitalline of apsides. The differential
precession of the orbital planes is a function of inclination differ-
ences in the satellite formation. The larger the formation, the larger
the inclination differences can be. For the worst-case circular for-
mation, the formation keeping costis approximately 38 m/s per year
per kilometer of formation radius. The rotation of the orbital line of
apsides is another major disrupting factor in the circular and pro-
jected circular formations. This effect is independent of formation
size and should affect all satellites within the formation equally. The
cost of maintaining the argument of perigee is close to 11 m/s per
year. Maneuvers to correct for Earth oblateness will likely have to
be made on a daily basis. Other perturbation effects also disrupt the
circular and projected circular formations, but the cost of correcting
these effects is much smaller compared to the J, effects.

Unlike the formation keeping, the station keeping cost for the
classesof orbits discussedhere is relatively small. Only atmospheric
drag decay of the semimajor axis is a major concern. Velocity im-

pulse to correct for this effect is on the order of 1.5 m/s per year
using high-drag conditions.

Because maneuverrequirementscan vary within a formation (par-
ticularly for the circular and projected circular formation designs),
some indirect formation keeping issues will arise. Once the masses
of the satellites in the formations vary, differential drag effects will
be much larger. These effects, however, should still be small in
comparison to the J, effects.

Othermajorissuesthatimpactthe frequencyand costof formation
keeping maneuvers are attitude control, the precision of the propul-
sion system, and navigation accuracy. The formation keeping ma-
neuvers discussed require thrusting in the along-track, cross-track,
and radial directions. The satellite dynamics are very sensitiveto ac-
celerations in the along-track directions. The largest maneuvers are
requiredin the cross-trackand radial directions.If the satellite point-
ing has substantial errors when cross-track or radial maneuvers are
performed,some unwantedaccelerationmay be appliedin the along-
track direction with significant consequences. Also, the propulsion
system must be capable of delivering precise and accurate thrusts
because small errors map directly into errors in the desired orbital
elements. These errors will undoubtedly drive the frequency and
cost of formation keeping higher than what is presented here.

Orbit determination knowledge is another factor that will influ-
ence formationcontrol. The propagationsshow thatcentimeter-level
differences in semimajor axis cause significant along-track error
growth over time. The ability to determine the orbits to this level of
precisionis vital for precise and efficient formation control.

Note that some mean element capability was required to perform
this analysis. The formation flying designs are performed using two-
body dynamics. When propagating these formation flying designs
in the presenceof perturbations,care must be taken to ensure that the
mean-to-osculating conversion is done correctly. If elements from
the two-body dynamicsdesign are assumed to be osculating, unnec-
essary errors will be introduced into the propagations. For example,
if the semimajor axes found after conversion from Hill’s equations®
are assumedto be osculatingin the presence of J,, the mean semima-
jor axes will be different, resulting in formation dispersion caused
by different orbital periods. The dispersion may be confused with
a real perturbation effect when it is actually an error in application.
In this analysis, the DSST AOG was used to propagate the mean
element equations directly.
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